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§1. Introduction

§81.1 Motivations

() Lattice Dynamical System (LDS)
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§81.2 1-D case
1-D Lattice Z°

Symbols (colors, alphabets)

S={0, ..., p-1}.
Two symbols S={0,1}; two colors S={[ | , l}.

Local Admissible Conditions (Local Interaction Property) The state
at each lattice point only influenced by its finitely many neighborhood
states.




Example 1.1.
On 4£,= ( Basic lattice )
=411, | B} the set of all local patterns defined on Z,.
Bc2, :Basic (admissible) set, the set of all admissible local patterns.
Example 1.2.

B={ B B |}; basic set.

Transition matrix : T=T(B)

[ ] T

alio] LT




Questions
=,(B): all admissible patterns on Z, which can be generated by B.
(a) How to generate Z,(B) from B ? [,(B)=#Z,(B)= ?

] _ i logI,(B)
(b) Spatial Entropy : h(B)=lim——"5"== 9
Answers
(@) Z.(B)=T"" and T,(B)=T""=22 (")

i=1 j=1

(b) h(B)=Ilogo(T) , where o(T) is the maximum eigenvalue of
T=T(B).



§2 Two dimensional lattices

H . : transition matrix for Z.xe

H s transition matrix for Lo

H n - transition matrix for Zeexn




H. :transition matrix for Z...
S% xS% > {0,1}

SZ : The set of symbols (vertical strips) is uncountable.

1 admissible,
0 forbidden.

H_(S,,S;) ={




Questions

(i) What is the relation between Hn & Hn+1?
I.e. can we obtain a recursive formula for Hn+1 in terms of
Hn,...,Hy?

(i) How to compute Fn = P(H.) and the spatial entropy
h(H,) = lim 129 2(F,)

N—o0 n 7

(iii) What is the relation between Pni and Pn Pna ... P27?

. . /n . . e . .
(iv) If p=limp™" h=logp, any “limiting” equation satisfied by ».?
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§82.1 Ordering Matrices
Ref [8] : (Ban-L.)
On 4,.,, X,, can be arranged by

2= [%;,1= Y =1Y; ;1=
[T I ]
Sz].-
s Bu"lw

“Sh"=8 S} =
on mf B B8

N NN REN
unflazliza

a Ba"lE JES-
PH o

"

Orderings of Z,,by|*|*| & |°]* I respectively.




Observations

(Vi Yo | Ya Yo
x | Y Yu |Vn Ya {Xl Xz}
U Ya Ve | Ya Vel | Xs X,
| Yas Yo | Yoz Yau |
B 1-2 | 1->2]
1 72 v v
3>4 | 3>4
3 4 1;2 1;2
Y 3>4|3>4
Yii X
213 #
° FOI‘ 22><3,1 % yj1j2 —

o Viiis = lelz
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§3 Transition Matrices

On Z,., given an admissible set B <X,,,  define (horizontal) transition
matrix H,=H,(B)=[h,;L.., where h;;, €{0.1} and h;;, =1<x;;, €B,

hll h12 h13 h14 Vll V12 V21 V22
H , = h21 h22 h23 h24 _ V13 V14 V23 V24 — |: H 1 H 2:| [E |: H 2;1 H 2.2 :D
h31 h32 h33 h34 V31 V32 V41 V42 H 3 H 4 H 2,3 H 2;4 ,
N h41 h42 h43 h44 1 [ Vas Vas| Vaz Vg |
'v. v. v. v.| [h h |h h
\/ Vv, V. V_ V. h, h, (h, h,1 |V, V, V.V,
2 vV, V. V_ Vv, Bl h, h, (h, h, N {VS VJ (= {Vﬂ 5 D
v, v, v, v, | [(h, h (h,  h, |

13



Denoted by Vii,i. = Vii,Viis

| — |
1
N < N <t
T T | I
N < N <t
N N <t <t
> > | > >
—i o — o
H1H HlH
=" VB =" V%
N <t N <+
I I |IT I
S 3 S =3
> S| > >
— o — o
I I |IL T
= | BT
> = s =
[
I |
o~ i <t N i <t
~ N < < N N < <
N AN AN N <t <t @ < <t
> > i> > | > >0 > >
N N, <t <t N N, < <t
o~ NN o~ < <t < <
> > > > > > > >
o~ 4m2 <t N 4m2 pS.§
— —A o o — A o (9p)
N Ao, N <t <, < <t
> S is S s S>> >
— — o o — i o o
o~ N N ~N <t < < <t
=> = = = => > = =
§ & 8 3|8 & § 3
> S s S s s> >
5 8 % 2| § 8 § %
> S S s sis =
8 Iy 3 S I8 3
[ | !
= S s S s =SS =
S S8 88 5.8 8
A L i
[
(9]
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Theorem 3.1.(Ban-L.) Let H, be a transition matrix, write

Hn: Hn; 1 Hn ; Hn+1: Hn+1;1 Hn+1;2
H”; 3 H ! and Hn+1;3 Hn+1;4 :

n

Then

Vlen ; 1Vk Hn2
_Vk3Hn;3 Vk4Hn;4 . (3-1)

H n+1:k —

Furthermore,

H (1 c ®H1 H, _®H1 Hzn—z
n_( n—l)2”_1><2”‘1O "2 H3 H4 — H3 H4 (32)

~where E.,c isthe 2“x2* full matrix, i.e., all entriesare 1. H

15



1 1

=V

Example 3.2. (Golden - Mean): H

C 0 C O

A B 0 O

0 0 0 0],

|||||||||||||||||||||||||
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Remark 3.3. When H, {

and B =

A B a a
B A}

b
2

b
b p | 2(H ) canbe found explicitly and limiting
3

1

equation for &=Ilimp(H )" =exp(h(H,)) can also be found :

Q(S) =+

\

 4E%(E—a)+ (PP —AENE—a)2 —p2E% —2p(2b—ay)E

—(2b—ay)? if aa, =1
3 2 - _ _
E-—asc—o&+ao—b if a2a3_0 & a2b3+a3b2_1,

where y=b_+b. and 6 =Db_b_.
2 3 273
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$4. Reduction Operators for Hn in n

m - -
H, : all admissible patterns on Zm.y« , and

h(H,) = lim 291" |
mn->o  MN

_ Iiml{ lim 129 Hy | }: Iim%logp(Hn),

n—o0 n m—oo m

or

1 . log|H"
=lim=< |lim glH, |
m—>oom n—o0 n

_lim 2] limsup 29t (Hy) }

m—o0 7] L N—»o0 n

18
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To use (4.2) or (4.3) to compute spatial entropy h(H,) , need to answer

Questions Fixed M=2 forany N=2

(i)  Find recursive formulas from HY to Hoa.

m

(ii)  Find recursive formulas from tr(Hy) o tr(Hg,).

Notations

for extension to Mo for matrix multiplication

19
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When m=2,

5 _
H2 _ Hn;ll + Hn;lZHn;Zl Hn;llHn;12 + Hn;lZHn;22
n— 2
_Hn;21Hn;11 + Hn;22Hn;21 Hn;ZlHn;lz T Hn;22

Denote by

X2,n;1 X2,n;2 X _ Hr?;ll X . Hn;llHn;12
XZ,n = X X and 2,n;1 H H ) 2,n2 H H
2,n;3 2,n;4 n:12 21 n:12"' "n;22 |

X _ Hn;21Hn;11 X . Hn;ZlHn;lz
2,n;3 _ H H ! 2,n;4 _ H 2
n;22" "'n;21 n;22 )

20



Similarly, for any m=3, denote

X . X
Xm = m,n;1 m,n;?2
| X . X ,

m,n:4

which represents all “elementary patterns” in H (3.1) =

X _ Xm,n+1;1 Xm,n+1;2 " _ Xonazit  Konsti 2
m,n+1 X X and m,n+1;i X X . (45)

m,n+1;3 m,n+1;4 m,n+1;i,3 m,n+1;1,4

where ““*mn+Li.j Is consist of products of VieHn

Then a recursive relation from Xnn to X (0Or between Xmniwij
and Xmn;j) are given as follows:

21



Theorem 4.1.

X2,n+1;i,j — Sz;isz,n;j . Where

2
N
=
=

Py,
N
e
N

J
N
e
w

R, =

0 X0 DO
=

0 0 D

0 X0 DO
3

and

22

S2;11 S2;12 S2;21 S2;22
S2;13 S3;14 S2;23 SZ;Z4
S2;31 S2;32 S2;41 S2;42
S2;33 S2;34 S2;43 S2;44

(4.6)

(4.7)



Furthermore, for M= 3, denote by

-

hil hi2 S
Rm;ij =9 © ®
hi3 hi4 V3
and
_Rm;ll Rm;12
R _ Rm;21 Rm;22
! Rm;31 Rm;32
_Rm;41 Rm;42
then,
Xm,n+1;i,j = Sm;ijx

Vi 'V,
Vs

m;13

m;23

m;33

A 0 O O

m;43

:|sz
2x2 y,

m;14

m;24

m;34

A 0 O O

m;44

N

Vo

2m—1x2m—1

h,
o { Ezm—zxzm—z ® |:

hﬂ}
h3j h4j oM=L, -1 (4 . 8)

23

Sm;ll Sm;12 Sm;21 Sm;22
Sm;13 Sm;14 Sm;23 Sm;24
Sm;31 Sm;32 Sm;41 Sm;42
;
_Sm;33 Sm;34 Sm;43 Sm;44_

(49 m



Theorem 4.2. (Lower-bound of entropy)
Forany M=2 and K2>1, with ﬂj e{l,4}, 1< J<K  Then

S ...S
mpse mipops | Smpes): @10

Example 4.3. (Golden - Mean)
(1 1 1 0]

1
h(H )>——Ilo S
(H,)= —log o

N
O L B
O L O
O O O

1
0
0
1 1
— p(Hm)m+1sexp(h(HZ))gp(Hm)m,for m>2.

24



Example 4.4,

oS  +— O
S —r O B
o O - B

o O O O
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§5. Trace Operators for Tn

(4,3) can be used for computing and finding upper bounds

of spatial entropy h(H,) .

Theorem 5.1. If H, is symmetry, then H, is symmetry for all n>3,
and

p(H,)* <tr(H7) (5.1)

R
. m,11 m,22
Trace operator 'm = [R R }

m,33 m,44

26



Theorem 5.2.

Forany m>2, and N=2, tr(H) =Tl (5.2)
Furthermore,
log(H™)
| i tp—— = | T
rll_r)noos P el Cr)nb (5.3)
and
log o(T )
h(H,) = limsup . (5.4)
2 M-—o0 m
log p(T, )
When H., " is symmetric, forany m=1, h(HZ)S 2m2m

27



§85.1.  Simplified trace Operator Jm

Using tr(AB)=tr(BA) the 2" x2™ trace operator

T canbereducedtoa M xm™ trace operator Jn, where

M =Bl 12 (55)

Foreach m>2 jet 0<b b b ghg L+2L,+1;=m

Ordering Hrlml;ll(Hn;len;Zl)lz Hrlﬁzz by the anti-lexicographic order in
(Il’ |2’ |3) .

28



Denote by

1 2 2 l
t Ztr(Hrlw;llH:m;lerll;ﬂHn:ZZ ,

m,n;l,l, 15
and

— t *
tm,n - (tm,n;ll,|21|3) ,a M - vector. Then we have

Theorem 5.3. Forany M=2. there is a (simplified) trace operator

Jn such that forany n=2

1:m,n+1 = ‘Jmtm,n (56)

and p3,)=p(T,). (5.7)

29



Example 5.4.

)
3h11hl?>h?>1
3hl?>h33 h31

3
h33

hy,
2 h13 h31

2
h33

h11h12 h21

h11hl4h41 + h12 h23h31 + h21h13h32
h13h34 h41 + h14h43h31 + h23h33h32

h33 h34 h43

h12 h21
h14 h41 + h23h32
h34 h43

30

hy
2 h24 h42

2 y
h44

h12 h22 h21

h12h24h41 + h21hl4h42 + h22h23h32
h14h44h41 + h23h34h42 + h24h43h32

h34 h44 h43

3
h22

3h22hZ4h42




8 53 10

16 1 0 0 0].
2 0000

1 110
1 0 0O

0 0 0O

Example 5.5. (Simplified Golden - Mean)

. J,=|20 6 1 0 O

6 3 10

9 1 00
2 000

31



© 0O N O O b W DN

1

p(H,)™

1.25992
1.29514
1.29841
1.300843
1.31204
1.31639
1.31902
1.32149

32

1

pJ,)"

1.41421

1.32054
1.35019

1.33977
1.34688

1.36987
1.33328

1

p(H,)"

1.41421
1.41174
1.38601
1.3711

1.37279
1.36911
1.36547
1.36306



§6. Summary

1. Higher order transition matrices H,, n>3, can be recursively derived

from H,. (Ref. 8)

2. Lower-bound of entropy can be found by introducing reduction

operator R, m>2. A powerful method to verify the positivity of
entropy. (Ref. 9)

3. Trace (and simplified trace) operator Tm (and J.) have been

Introduced to compute and give a upper-bound of entropy. (Ref. 9)

33



